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Effect of Atmospheric Processes on Launch Decisions

M. Elshamy*
University of Alabama in Huntsville, Huntsville, Alabama 35899

The different phases of space-vehicle mission operations and system analyses are influenced by several dynamic
atmospheric parameters, such as thunderstorm, precipitation, cloud ceiling, etc., which are interpreted as atmo-
spheric constraints for the launch operations. An atmospheric parameter is a random variable which attains either
a permissible (GO) or a not permissible (NOGO) outcome, and in repeated observations these outcomes are not
usually independent. The purpose of this paper is to construct analytical models supported by the theory of Markov
chains and the theory of runs. Probabilistic models incorporating dependence structure of the Markovian type
are analyzed. The underlying theory could be used to predict a GO-NOGO decision in the different phases of a
mission. Finally, we present numerical examples of how the developed methods can be used to predict different
configurations of GO and/or NOGO outcomes pertaining to thunderstorm activities using 33 years of atmospheric
data for Kennedy Space Center.
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Introduction

SPACE-VEHICLE mission operations are subject to several at-
mospheric processes, such as thunderstorm, precipitation, cloud

ceiling, peak surface wind speed, etc. These atmospheric parameters
are constraints on the mission operations. An atmospheric parame-
ter is a random variable which is assigned the values of either 0 or 1,
for GO or NOGO outcomes, respectively. In repeated observations
each one of these atmospheric parameters embodies a certain depen-
dence structure. In fact, a meteorological observation is usually not
independent of the preceding conditions. However, the dependence
decreases as the length of the time interval between successive events
increases. For example, the amount of rain in a month is influenced
to a small but definite extent by the amount of rain in the preceding
month, but the amount of rain in a year bears practically no relation
to the amount of rain in the preceding year. In daily observations the
interdependence is found to be even more marked. This is due to the
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fact that rain tends to persist from day to day. Thus, in general, it is
the characteristic of meteorological events to stick together; high or
low values tend to occur in clusters rather than asisolated incidents.

An important part of mission planning is being able to provide,
ahead of time, a good assessment of the GO-NOGO status for
different atmospheric parameters as well as conditional probabil-
ities involving GO and/or NOGO outcomes. Specifically, it is of
interest to effectively address certain questions pertaining to the
assigned constraints for the different mission phases of the space
vehicle; see Smith and Batts.1 Examples of the issues in such
questions are as follows:

1) Finding the probability that the assigned atmospheric con-
straints will (or will not) occur for N consecutive days, at a particular
time of the day.

2) Given that an assigned constraint has occurred (or has not
occurred) for n consecutive days, at a particular time of the day,
finding the probability that it will continue for N additional days.

3) Estimating the probability distribution of certain sequences of
GO and NOGO outcomes.

4) Estimating certain conditional probabilities involving GO
and/or NOGO outcomes.

Effectively addressing and giving specific answers to these types
of questions is useful in many ways, for instance, 1) determining
design criteria for the space vehicle, 2) establishing flight operational
rules as well as launch commit criteria, and 3) setting up effective
cost assessments.

The procedure currently used to obtain atmospheric statistics for
aerospace vehicle operations is based on empirical formulas and ad
hoc methods. Thus, the need for a unified approach to utilize meth-
ods substantiated by well-established theory was identified. The
purpose of this paper is to establish analytical models substantiated
by sound theoretical foundation, and use these models to answer the
types of questions raised above. The theoretical foundation in this
work involves the theory of Markov chains with two states and the
theory of runs; see for example Feller2 and Wilks.3

Repeated observations of any given atmospheric parameter are
not usually independent, because a meteorological observation de-
pends to some extent on the preceding conditions. Therefore, the
underlying dependence structure in the model is a crucial aspect in
the development of our investigation. Based on the nature of the
meteorological observations, it seems reasonable to utilize a de-
pendence structure of the Markovian type. Markovian dependence
has been used to model daily rainfall occurrence; for example, see
Ref. 4. This model was shown in that work to give a good fit to
various aspects of rainfall occurrence patterns. We should point out
here that several authors used the geometric distribution, the neg-
ative binomial, or related distributions as models for meteorologi-
cal activity and wet-dry cycles of rain. For example, a distribution
of weather cycles by length was investigated using the geometric
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distribution; see Ref. 5. We note that these distributions do arise un-
der the Markovian dependence structure. Of course, they may also
originate under different circumstances.

The theory of Markov chains is well established in the literature.
Here we use a Markov chain with two states. Consider a sequence
of random variables X0, X\,..., and suppose that the set of possible
values of these random variables is {0,1}. Then Xn is interpreted
as the state of some system at time n, and, in accordance with this
interpretation, we say that the system is in state i at time n if Xn = i.
The sequence of random variables is said to form a Markov chain
if each time the system is in state i there is some fixed probability
Ptj that it will next be in state j. The values /?/;, 0 < i, j < 1, are
called the transition probabilities of the Markov chain. The transition
probabilities ptj can be arranged in a square array P, which is called
a transition probability matrix, as follows:

, _ r POO POI i
iPio Pn\ (1)

Knowledge of P and the distribution of XQ enables us, at least in
theory, to compute all probabilities of interest. For example, suppose
that if it is GO today, then it will be GO tomorrow with probability
Poo, and if it is NOGO today, then it will be GO tomorrow with
probability pi0. This is a two-state Markov chain having transition
probability matrix given by Eq. (1). If it is GO today, the probability
that it will be GO two days from now is

(2) 9Poo = Poo + PoiPio (2)

The remaining probabilities pff, p($, and pf±, which are the entries
of P2, can be given similar interpretations.

The methods discussed in this article are illustrated using days as
time transition periods. However, these methods are equally appli-
cable if the transition periods are hours or a particular hour of the
day. In that case hourly atmospheric data should be used.

Probability Models
Consider a sequence of random variables each of which takes

either the value 0 or 1 (for GO or NOGO, respectively). We do
not assume that these random variables are independent. The basic
assumption about their interdependence is that, given the present
value, the future and the past values are independent. Thus the value
of a random variable at time i + 1, X/+i, depends only on its value
at time i, Xt. This is a Markovian dependence structure, and such a
probabilistic model is referred to as a Markov chain with two states
{0,1}.

A Markov probability model with two states usually possesses
two parameters; see Ref. 6. These two parameters can be defined
in different ways. Two versions are considered here. In model 1 we
take the two parameters as the conditional probabilities

Ol = P(Xi = NOGO | X f _ i = NOGO)
' l |X I -_ 1 = 1), i = 2 , . . . , n

and

00 = p(Xt = NOGO | X/_i = GO)

In model 2 we define the two parameters as follows:

p = p(Xt = NOGO)
= P(Xt = 1), i=2,...,/i

and

A = P(Xf = NOGO | Xt-i = NOGO)
_ psy _ 1 1 V . _ 1 "\ i _ 9 M

(3)

(4)

(5)

(6)

The conditional probabilities above measure the degree of depen-
dence or persistence (or lack of it) in the chain, and the probability in
Eq. (5) is the usual frequency parameter. The parameter p in model 2

is easily shown to be related to the parameters 0i, 00 in model 1 as
follows:

P = 1 + 00 -
(7)

Therefore we only use model 1 in our discussion. The transition
probability matrix takes the form

(8)

Clearly, this model reduces to the case of independent Bernoulli
trials if 00 = Oi.

The parameters of either model can be estimated by using the
appropriate relative frequency.4 Here, we use a modified maximum-
likelihood method which was used by P. Billingsley in his develop-
ment of the asymptotic theory of maximum-likelihood estimators.7
Therefore, this method is particularly useful when n is large. The
full likelihood in terms of 00 and 0i can be written as

P(Xl = J C i , X2

x P(X2 = *2 |
X P(Xn = Xn

, • • • , Xn = Xn) = P(X{ = Xl

= *j)P(X3 = x3 I X2 = x2) •

(9)
The factor pxi (1 - p)1"*1 represents the contribution due to the first
state visited by the process. The likelihood is modified by neglecting
that factor. Now, the natural logarithm of the likelihood, denoted by
L, for the realizations x\, # 2 , . . . , xn can be expressed as

L = + (1 -

where

L' = J + nw

- P) +

- 0i) + nn (10)

The riij , i, / = 0, 1 , are the usual transition counts given by the num-
ber of indices m for which xm = i andjcm + i = y, m = 1, . . . , n — 1,
so that noo+^oi+w 10+^11 =n — 1 . Therefore, the required estima-
tors of #o and Q\ are obtained by maximizing L' given by Eq. (10):

yields

and

yields

HOI
+ HOI (ID

(12)

For model 2, we can get the estimators of p using Eq. (7), to
obtain

— (13)

where 0o and 0i are given in Eq. (11) and Eq. (12), and it simplifies to

p = ———^^—————— (14)

Distribution of GO-NOGO States
The models discussed above can easily be used to give the prob-

ability distributions of GO and/or NOGO states.
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Distribution of the Number of GO states
Let X be the number of successive GO states until a NOGO state

occurs. Then

P(X = n) = (1 - 0o)"~10o, n = 1, 2, . . . (15)

Distribution of the Number of NOGO States
Similarly, if Y is the number of successive NOGO states until a

GO state occurs, then

P(X = m) = 01
m-1(l-0i), m = l ,2 , . . . (16)

Distribution of Recurrence Time
A succession of NOGO states of length £, k > 0, means a se-

quence of k NOGO states preceded and followed by GO states.
Therefore, a NOGO succession of length k is equivalent to a recur-
rence time of k + 1 for GO states.

Recurrence Time of NOGO States
Table 1 illustrates how the probabilities of different recurrence of

NOGO states are computed. From it, the mean and variance of the
recurrence time T\ of NOGO states are given by

and

(17)

(18)

Recurrence Time of GO States
Similarly we show the recurrence time of GO states in Table 2.

The mean and variance of the recurrence time T0 of GO states can
be computed from Table 2 and are given by

l-
and

(1-00

(19)

(20)

Asymptotic Distribution of NOGO-GO States
Since NOGO and GO states are represented by 1 and 0, respec-

tively, it follows that the total number of NOGO states in a sequence
of n trials {Xi, X2,..., Xn] is S = XjUi ^*- ̂  *s snown m Feller2

that S can be approximated by a normal distribution provided that
the number of observations n is large enough. In this case the approx-
imate mean and variance are n/jjii and wcr^/Mp respectively, where
fjii and a\ are given by Eqs. (17) and (18). Corresponding formulas
for the recurrence time of GO states can similarly be obtained by

Table 1 Recurrence tune of NOGO

Recurrence
time of NOGO Representation Probability

0
1
2
3

1
2
3
4

11
101
1001
10001

(
0-
(1 -1

01
01)0 -
01)0 -<

>o
0o)0o
0o)20o

*

A:

0
1
2

£ + 1

Table 2

Recurrence
time of GO

1
2
3

loo-.- 01 (l-0i)0-*)* !0o

Recurrence time of GO

Representation
100
010
0110

Probability
1-01

0oO - 0i)
0o0i 0-00

using fjiQ and ob instead of JJLI and <TI, respectively. However, these
results neither tell how rapid the distributions approach normality
nor reflect the exact distributions for small n. The exact distribution
will be discussed in the Analysis of Runs section.

Distribution of Successive GO Followed by Successive NOGO States
Let X be a random variable representing the number of successive

GO states, and let Y be a random variable representing the number
of successive NOGO states. Then X and Y are independent ran-
dom variables. Define Z = X + Y. Then Z represents a number of
successive GO states followed by a number of successive NOGO
states, and

n-1

P{Z = n} = Y^ P(X = k)P(Y = n - k)

(21)

n-1

= 0od-0i)-

We note that the distribution of Eq. (21) is symmetric in 0o and
1 - 0i; this is expected, because Z = X + Y = Y + X.

Analysis of Runs
We consider here sequences of NOGO and GO states. In our treat-

ment here the sequences of NOGO and GO states are not assigned
equal probabilities. For a complete discussion of analysis of runs
of two kinds of elements where all sequences are assigned equal
probability we refer the reader to Wilks.3

First we set our notation. Suppose that the total number of GO
states is nQ and that of NOGO states is n\, with n0 + n\ = n. The
class of all these sequences is that of all (n

n ) permutations of n$
GO states and n\ NOGO states. Each sequence consists of runs of
NOGO and GO states. The length of a run is the number of states
in it. Let rQk denote the number of runs of GO states of length k,
and let r\j denote the number of runs of NOGO states of length j.
For example, the sequence 00011001001101 is such that n0 = 8,
n\ = 6, r0i = 1, r02 = 2, r0s = 1, r\\ = 2, r\2 = 2, and all other
r's are zero. Let r0 = ^T, rQk and r\ — ̂  r\j be the total numbers
of runs of GO and NOGO states, respectively. The total number of
ways of having rQk runs of GO states of lengths k = 1 ,2 , . . . , n0
and r\j runs of NOGO states of lengths j = 1, 2 , . . . , n\ is

where 8 (r0, r\) is the number of ways of arranging r0 indistinguish-
able objects of one kind and ri indistinguishable objects of a second
kind so that no two objects of the same kind appear together; then
<5(^o» n) takes the value 0, 1, or 2, according as |r0 — r\ \ > 1, = 1,
or = 0.

To find the probability of a GO-NOGO sequence, consider a
sequence with r0k runs of GO states of lengths k = 1, 2, . . . , n0
and r\j runs of NOGO states of lengths j = 1 , 2, . . . , n\ . In order to
obtain the probability P (E), of getting such a sequence, we start by
conditioning on the state of the first trial. That is, letting H denote
the event that the first trial results in a NOGO, we then have

P(E) = pP(E | H) + (I - p)P(E

where p = P(NOGO) = 00/(1 + 00 - 0i), and
P(E | H) =0"1~ri(l -00)n°-r°(l -OiYl+'-'

r i -2

Hc) (22)

k+l on-..10 (23)
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The factor 0"1 ~n accounts for all the consecutive NOGO states,
(1 - 00)n° ~r° accounts for all the consecutive GO states, and (1 -
^yi +5-2 accounts for the number of changes from a NOGO to a
GO (or from al to aO) state. We note that if r0 = r\ , then 8 = 2 and
there are n changes from a NOGO to a GO state. On the other hand,
if ri > r0, then 5 = 1 and there are n - 1 such changes. The case
r\ < r0 cannot occur, by the definition of runs, since we begin with
a run of NOGO states. Finally, the factor 6g° ~ 3 + 1 accounts for the
number of changes for a GO to a NOGO (or from aO to al) state. We
observe here that if r0 = r\ , then 8 = 2 and there are r0 - 1 changes
from a GO to a NOGO state, while there are r0 changes from a GO
to a NOGO state if n > r0.

Similarly, given that the initial state is a GO state, then

P(E \ Hc) = (1 -0o)n°~X1

Substituting Eqs. (23) and (24) in Eq. (22), the probability P(E) of a
given sequence with r0k runs of GO states of lengths k = 1, 2, . . . , n0
and r\j runs of NOGO states of lengths j = 1, 2, . . . , n\ is

r0-2

-»,\"*) (25)

where p = 00/(l+ 00 - 0i)
Therefore, the probability of the sequence of NOGO and GO

states as described above is given by

• r0no\rn\ • :P(E) (26)

The probability formula obtained in Eq. (26) can be thought of
as a joint p.d.f. of runs of NOGO and GO states. Hence, other
marginal distributions can be obtained by summing Eq. (26) over
the appropriate indices. For example, the joint p.d.f. of TO GO and
ri NOGO can be shown to be equal to

Conditional Probabilities
The conditional probabilities involved in the types of questions

mentioned in the introduction can be computed easily using the
models discussed above. Suppose we know that a GO state has
occurred, at a particular time of the day. What is the probability that
the GO state will continue for N additional days? Using the Markov
property along with Eqs. (3) and (4), we see that

Similarly,

Likewise,

and

P(GO = N | GO) = (1 - 0o)N (28)

P(GO = N | NOGO) = (1 - 00(1 - OQ)N -l (29)

P (NOGO = N | GO) = 000^ ~1 (30)

P(NOGO = AT | NOGO) = 0? (31)

Results and Discussion
We now illustrate the methods discussed above, using 33 years

of data for thunderstorm and nonthunderstorm days for the summer
months of June, July, and August at Kennedy Space Center (KSC);
see Tables 3 and 4. A similar analysis can be performed for any
other atmospheric parameter of concern.

Parameter Estimation
To estimate the parameters Oi, 00 we use Eqs. (11) and (12), where

nn is the frequency of having two consecutive NOGO days (i.e.,
two back-to-back thunderstorm days), n^ is the frequency of having
two consecutive GO days (i.e., two back-to-back nonthunderstorm
days), «oi is the frequency of having a GO day followed by a NOGO
day, and H\Q is the frequency of having a NOGO day followed by a
GO day. From Table 3, nn = 859 and n0i = 1024. From Table 4,
woo = 1328 and w10 = 1024. Therefore, 0\ = 859/(1024 + 859) =
0.4562, and 00 = 1024/(1328 + 1024) = 0.4354. The significance
of the estimates 0i, OQ is that we have actually summarized the 33
years of data in just two numbers.

We observe here that in estimating the conditional probabilities
91 and OQ we used both Tables 3 and 4, i.e., the data for thunderstorm

Table 3 Thunderstorm
days at KSC, June, July,

August, 1957-1989

Run length

1
2
3
4
5
6
7
8
9

10
11
12
13
14
15
16

Frequency

206
118
56
41
28
14
18
6
7
3
0
2
1
1
1
2

Table 4 Nonthunderstorm
days at KSC, June, July,

August, 1957-1989

Run length
1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20
21
22
23
24

Frequency

180
85
67
48
41
26
15
14
14
5
5
4
5
2
2
3
2
0
1
0
0
0
0
1
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days as well as the data for nonthunderstorm days. This is because
the thunderstorm days and the nonthunderstorm days are "elusively
correlated." An important feature of the methods in this article is
that the correlation between GO and NOGO days is taken into con-
sideration. This was not done in the method suggested in Ref. 1.

For the parameter /?, we use Eq. (13) or Eq. (14) to obtain

0.4354
p = -ft 1 + 0.4354 - 0.4562

44.5%

where p represents the probability of NOGO due to thunderstorm
activities.

Conditional Probabilities
1) The probability of n successive GO states until a NOGO state

occurs [using Eq. (15)] is

0.4354(1 - 0.4354)" (32)

2) The probability of m successive NOGO states until a GO state
occurs [Eq. (16)] is

(1 - 0.4562) (0.4562)7"-1 = 0.5438(0.4562)' m = 1,2,...
(33)

3) By Eqs. (28-31) given that a GO day has occurred, the proba-
bility that the GO state will continue for N additional days is

P(GO = W | GO) = (1 - 0.4354)"

4) Similarly,

P(GO = W | NOGO) = 0.5438(1 - 0.4354)"-1

P(NOGO = N | GO) = 0.4354(0.4562)"-1

and

P(NOGO = N | NOGO) = (0.4562)"

where// = 1,2, 3,.. . .

(34)

(35)

(36)

(37)

Fit of the Model
Table 5 shows the number of thunderstorm days as well as the

relative frequencies of occurrence of thunderstorms in June, July,
and August during 1957-1989 compared with p, the probability
of NOGO due to thunderstorm activities during this time period,
computed from the model. In fact ax 2 test, comparing the annual

Table 5 Relative frequency of thunderstorm days at KSC
in June, July, August, 1957-1989

June July August

No. of thunder-
storm days

Relative frequency
Estimated p

410
0.414
0.445

496
0.485
0.445

441
0.431
0.445

observed frequencies with the expected frequencies for 33 years,
shows the theoretical model provides a good fit at significance level
of 0.005.

Concluding Remarks
Probabilistic models incorporating random dependence structure

have been presented. These models are substantiated by the theory
of Markov chains and the theory of runs. Using the models the
probabilities of different configurations of GO and/or NOGO can
be estimated. Thus the methods and techniques developed could
be used in mission planning by providing, ahead of time, a good
assessment of GO-NOGO decisions related to weather conditions
in the different phases of a mission.

Acknowledgments
This study was supported by NASA Contract 36955.1 would like

to express my appreciation to C. K. Hill and William W. Vaughan
for their support. My thanks also go to O. E. Smith for providing
the data in Tables 3 and 4.

References
1 Smith, O. E., and Batts, G. B., "Atmospheric Statistics for Aerospace

Vehicle Operations," AIAA Paper 93-0756, Jan. 1993.
2Feller, W., An Introduction to Probability Theory and its Applications,

2nd ed., Vol. 1, Wiley, New York, 1957, Chaps. 15 and 16.
3Wilks, S. S., Mathematical Statistics, 2nd ed., Wiley, New York, 1963,

pp. 136-150.
4Gabriel, K. R., and Newman, J., "A Markov chain model for daily rainfall

occurrence at Tel Aviv," Quarterly Journal of the Royal Meteorological
Society, Vol. 88, No. 375,1962, pp. 90-95.

5Gabriel, K. R., and Newman, J., "On a Distribution of Weather Cycles
by Length," Quarterly Journal of Royal Meteorological Society, Vol. 83,
No. 357,1957, pp. 375-380.

6Klotz, J., "Statistical Inference in Bernoulli Trials with Dependence,"
The Annals of Statistics, Vol. 1, No. 2,1973, pp. 373-379.

7Billingsley, P., Statistical Inference for Markov Processes, 1st ed., Univ.
of Chicago Press, 1961, pp. 14-26.

J. K. Martin
Associate Editor


